Any family of k 3 + 1 pairwise disjoint line segments in the Euclidean plane E 2, such that no three of their endpoints are collinear, has k + 1 members admitting a circumscribing polygon. That is, one can find a simple polygon P with 2k + 2 vertices such that each of these segments is either an edge or an internal diagonal of P.
Introduction
Let F be a collection of pairwise disjoint line segments in the Euclidean plane E 2. A simple polygon P is said to be a circumscribing polygon for F if every vertex of P is an endpoint of a segment in F and every member of F is either an edge of P or an internal diagonal of P.
A collection G of pairwise disjoint line segments in E 2 is convexly independent if none of the segments in G is contained in the convex hull of the remaining segments. A collection G is independent if for each segment s in G, the line containing s does not intersect any other segment in G.
Mirzaian proved in [1] that if F is a convexly independent collection of two or more pairwise disjoint line segments in E 2, then there is a circumscribing polygon for F. In [2] , O'Rourke and Rippel proved that any collection of two or more independent segments in E 2 admits a circumscribing polygon. On the other hand Urabe and Watanabe [3] constructed a collection of seventeen pairwise disjoint line segments in general position that do not admit a circumscribing polygon.
In the present note we show that for any integer s ~> 2 there is an integer N(s) with the property that if G is a collection of N(s) or more pairwise disjoint line segments in E 2 such that no three of its endpoints are collinear, then G contains a subcollection of s segments for which there is a circumscribing polygon. Furthermore, N(s) <~ (s -1) 3 + 1.
Main result
We need Mirzaian's above mentioned theorem and the following lemma.
Lemma. Let F be a collection of two or more line segments in E 2 such that no three of their endpoints are collinear. If the orthogonal projections of the segments in F into the x-axis are pairwise disjoint, then F admits a circumscribing polygon.
Proof. By induction on the number of segments in the F, one can show that there exists a circumscribing polygon which is convex in the y-direction, i.e., whose intersection with any vertical line is connected, see Fig. 1 Proof. By the above lemma, either there is a subcollection T of F with k + 1 segments for which there is a circumscribing polygon, convex in the y-direction, or there are no k + 1 segments in F, whose orthogonal projection into the x-axis are pairwise disjoint.
In the latter case there are k vertical lines such that each segment in F intersects at least one of them. In particular, there is a subcollection S of F with tSI >>1 n/k > k 2, all of whose elements cross the same vertical line L.
Let s i, s2,..., sis I denote the segments in S, numbered according to the order of their intersections with the line L, and for i = 1,2 .... , ISI, let m(si) denote the slope of the line containing the segment si. Since ISI > k 2, the sequence m(sl), rn(s2),..., re(sis1) contains a subsequence of length k + 1 which is either non-decreasing or non-increasing.
Assume without loss of generality that the first possibility holds, i.e., there is a subcollection T = {ti, t2,..., t~+l } of S with k + 1 segments such that t~: lies below tj and m(ti) ~< m(tj) whenever i < j. We claim that T admits a circumscribing polygon.
For i = 1,2,..., k + 1, let Pi and qi be the left and right endpoints of ti, respectively, and let D be a disk containing all segments in T. For i = 1,2,..., k + 1, let q~ be the point to the right of L where the line containing the segment ti intersects the boundary of D (see Fig. 2 ). Since m(tj) ~< ra(t2) ~< --. ~< ra(tk+l), the segments t' 1 = Plq~, ~'2 = P-q2 ..... tk+l = Pk+lqk+l are pairwise disjoint, and since q~ is on the boundary of D for i = 1,2,..., k + 1, the system T' = {t'j, t~,..., t~+ 1 } is convexly independent. By Mirzaian's result, there is a circumscribing polygon P; for T' (see Fig. 3 ).
Each edge of P; is a line segment of the form Piq~, Piqj, ; t qiq'j, or pipj. Let P be the polygon obtained from P' by replacing each edge of the form Piq~ with the line segment Piqi, each edge of
